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■ Abstract. In this paper, we discuss the state feedback output regulation problem (SFRP) for 

, infinite-dimensional linear control systems with infinite-dimensional exosystems. Under the polynomial 

^ I stabilizability assumption, sufficient and necessary conditions are given for the solvability of the SFRP. 

The solvability of this problem is characterized in terms of the solvability of a pair of linear regulator 
equations. An application of the solvability of the SFRP for polynomial stable SISO system is given. 
Keywords: Infinite-Dimensional Systems, Infinite-Dimensional Exosystems, Output Regula- 
tion, Polynomial stabilizability. 
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1. INTRODUCTION 

In this paper, we are interested on the state feedback output regulation problem of the system 
described by the following equations 

r z{t) = Az{t) + Bu{t)+Ud{t), t>0 
4: \ y{t) = Cz{t), t>0 (1.1) 

O- [ z(0) = zo. 

m ■ 

I Here A generates a Co-semigroup TA{t), t > 0, on a complex Banach space Z. The state of the 

■ plant (|l.ip is denoted by z(t) £ Z. The continuous input u : M+ — > U and the continuous 

output y : M+ — > Y take values in a complex Banach spaces U and Y respectively. The control 
operator B G C{U,Z) and the observation operator C S C{Z,Y). The bounded uniformly 
continuous function Ud : M — > Z represents a disturbance. 

In addition, we assume that there exists an infinite-dimensional linear system, referred to as 
the exogenous system (or exosystem), that generates a bounded uniformly continuous reference 
signals yr and disturbance signals Ud 

w{t) = Sw(t), t £ R 
yr{t) = Qw{t), tGR 

Ud{t) = Pw{t), teR ^ ' ' 

w{0) = Wq. 

Here S generates an isometric Co-group Ts{t),t G M, on a Banach space W, P £ C{W, Z) and 
Q £ C{W,Y). We denote the error between the measured and reference outputs by 

e{t) := y{t) - y,(t) = Cz{t) - Qw{t). 

In general, the output regulation problem involves the construction of a control law which 
stabilizes the plant (jl.ip and drives the measured output to achieve asymptoticaly the reference 
signal yr inspite of the disturbances Ud- i.e., e{t) — > 0, t — oo. 

For finite-dimensional linear systems, the SFRP was studied by Davison, Francis, Wonham 
and others (see e.g. [51 O [lOl [11] and the references therein). In [11], Francis presented a 
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complete characterization for SFRP in terms of solvability of the so called regulator equations 

AU + BF + P = US in D{S) 

CU = Q in W. ^ ■ ^ 

In [To], Davison used similar method for the construction of the control law which regulates 
the measured output. Many authors also constructed such control law for infinite dimensional 
linear plants with finite dimensional exosystems, e.g. Pohjolainen [6] and Byrnes et al. [7]. 
Under the exponential stabilizability assumption of the system (jl.ip . they proved a complete 
characterization for existence (and construction) of a regulating control law in terms of solvability 
of the regulator equations (jl.3p . Subsequently, Immomen and Pohjolainen have considered 
infinite dimensional exosystems generating periodic reference signals in [2]. In the same year, in 
[3], Immonen and Pohjolainen generalized the above results to the case of strongly stabilizable 
plants (jl.ip and bounded uniformly continuous exosystems (jl.2p . More exactely, they proved 
that if the pair (A, B) is strongly stabilizable by a feedback operator K and if the regulator 
equations (II. 3p have a solution (11, F), then the SFRP is solved by the control law u{t) = 
Kz{t) + (F — KIi)w{t). On the other hand, the converse problem, or the necessary condition, 
is also studied in the case of finite dimensional exosystems and exponentially stabilizable plants 
(jl.ip in [7]. But, In the case of strong stabilizability, Immonen and Pohjlainen [3] (see [H Chapter 
3]) needed additional assumptions. First, they introduced the concept of regular operators. They 
gave a characterization of regular operator via the operator equation 

^n + A = nS' (1.4) 

and established that the operator A G >C(VF, Z) is regular for TA{t) if and only if the operator 
equation (jl.4p has a solution 11 G CiW, Z). This allowed to solve the first regulator equation in 
()1.3p . By imposing certain auxiliary conditions for the reference signals, they established that 
the second regulator equation of (jl.3p were verified. 

Notice that the operator equation (|1.4p . refered as Sylvester equation, was studied by many 
authors. In particular, in j5], Phong established that if ^^(t) is exponentially stable then the 
operator equation (jl.4p has a unique bounded solution 11 : W — > Z given by 

Uw= TAit)ATs{-t)wdt (1.5) 
Jo 

for all w £ W. Further, if A generates a strongly stable Co-semigroup, then the operator equation 
()1.4p does not necessarily have a solution. Hence, one may ask: what about the solution of (II. 4p 
if T^^t) is polynomially stable? In this work, we show that, for every A € C{W,Z), if the 
operator equation has a bounded solution 11 : W — > Z then necessarily the operator 11 is given 
by the same formula as (II. 5p for all w £ -0(5). Then, we will call every operator A such that 
the integral in (jl.Sp converges, for all w G -D(S), a conform operator for Tji{t). In this case, we 
show that the operator equation (11. 4p is solved by (11. 5p . 

This paper is concerned with output regulation problem in the case of polynomially stabiliz- 
able plants. Our SFRP can be formulated as follows: let y,. be a given signal reference. The 
task is to find a feedback control law of the form 

u{t) = Kz{t) + Lw{t), 

for some K G £(Z, U) and L G C{W, U), such that 

• A + BK generates a bounded polynomially stable Co-semigroup TA+BKif) on Z. 

• For the extended closed loop system 

z{t) ={A + BK)z{t) + {BL + P)w{t), t>0 

wit) = Sw{t), t>0 ^ ' 



the tracking error e{t) = Cz{t) — Qw{t) — > as t — > oo for any initial conditions Zq & Z and 
Wo G W, and ||e(t)||y < mt^^, t > for zq G D{A) and wq G D{S). 

Here, we are studying the problem of output regulation problem under the assumption of 
polynomial stabilization. In our knowledge, this last property is not studied in the litterature, 
and it is now under study and recent results will appear in a forthcoming paper. Note also that 
we have assumed that the closed loop semigroup is aslo bounded for some technical problems. 
The general case is under study. 

In this paper, we give first a sufficient condition for the solvability of SFRP under the poly- 
nomial stabilizability assumption of the plant, similar to the one of Immonen and Pohjolainen 
[3]. To give necessary conditions, we use the conform operator notion introduced above and, 
under some assumptions, we give a characterization for the solvability of SFRP and the reg- 
ulator equations. In order to illustrate the obtained results, under some assumptions, we will 
solve explicitly SFRP and the regulator equations for a diagonalizable SISO system. Finally, 
an example of periodic tracking for a controlled wave equation is given. 



2. Preliminaries on polynomially stable Co-semigroups 

In this section we fix our notations and review some results on polynomially stable Co- 
semigroups. By D{A), cr{A), p{A), we denote the domain, the spectrum, the resolvent set 
of a linear operator A, respectively, and we set R{X,A) = {XI — A)~^ for A G piA). The open 
left half-plane of C is denoted by C~. Throughout this section, A is the generator of a Co- 
semigroup T{t) on a Banach space Z. Fix a real number p such that < M e^^~^'^^ for 
some constants M, e > and all t > 0. The fractional powers of A^ := pi — A are defined by 

A-^ = ^. j^{p-\)-^R{\A)d\ 

for any a > and F is any piecewise smooth path in the set {A G C : ReX > p — e, X ^ [p, oo)} 
running from ooe~^'^ to ooe^'^ for some < (/> < 7r/2. We further set AP^ = /. The operator 
is injective and bounded, hence it has a closed inverse denoted by A'^. The domain Za '■= D{A'^) 
is independent of the choice of p. The domains Z^ endowed with the norm II-S^Hq — ||^^2:||^, 
a > 0, Zo = are Banach spaces. Observe that Z^ is continuously and densely embedded in 
Za for 7 > a > and that ||2;||n is equivalent to the usual graph norm of A^ for n G N which is 
denoted, in general, by || • \\a- Moreover, the fractional powers commute with T{t) and A. 

Definition 2.1. [1| A Co-semigroup T{t), t > is called polynomially stable if there are 
constants a, /3 > such that 

\\T{t)A~'^\\<Nt-f' (2.1) 
for some constant > and all t > 0. 

We denote that the inequality (12. Ij) is equivalent to 

\\T{t)z\\ < Nt-^\\z\\a (2.2) 

for all z & Za = D(A^). Note that the above definition is independent of p and that the estimate 
(j2.ip with a = and /3 > already implies that T(t), t > is exponentially stable, i.e. 

||r(t)|| < Me~"* 

for all t > and some constants M, a > 0. It was shown in fT] that a polynomially stable 
Co-semigroup satisfies 

\\T{t)A-^^'\\<N{^)t-^^ (2.3) 
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for each 7 > 1. Moreover, inequality (|2.3p holds for all 7 > if T{t),t > is polynomially stable 
and bounded, i.e. 

\\T{t)\\<M (2.4) 
for some constant M > 1 and all t > 0. In this case, we have 

||r(t)^;"|| < J (2.5) 

for all t > (with a different a, in general). Due to [H Proposition 3.3], we have (t{A) C C~ 
and therefore we may normalize ()2.5p to the estimate 

\\T{t)(-A)-'^\\ < J (2.6) 

for alH > and some a > 0, or equivalently 

\\T{t)A-'\\<^ (2.7) 

for all t > and some a > 0. Finally, by density argument, we remark that a bounded 
polynomially stable Co-semigroup is always strongly stable. 

3. SUFFICIENT CONDITIONS FOR THE SOLVABILITY OF THE (SFRB) 

In this section, under the assumption that A + BK generates a bounded polynomially stable 
Co-semigroup Ta_+bk (t) , we shall give sufficient conditions for the solvability of the SFRP. Before 
given our main result in this section, we recall first, from [3l Hj, the following lemma, and for 
the sake of completeness, we give a short proof. 

Lemma 3.1. Let Z and W be Banach spaces, let A generates a Co-semigroup ^^(t) on Z and 
S generates a Co-semigroup Ts{t) on W and let A G C{W, Z). If there exists 11 G C{W, Z) such 
that Il{D{S)) C D{A) and 11 satisfies the Sylvester type operator equation ([i.^[ ), namely 

US = AU + A 

then ^ 

[ TA{t-a)ATsia)woda = UTsit)wo-TAit)nwo (3.1) 
Jo 

for all t>0,woeW. 

Proof Let ^o & D{S), by p^ . we have 

/o* TA{t - a)ATs{a)woda = TA{t - a){US - AU)Ts{a)woda 

= li ^TA{t - a)UTs{a)woda 

= UTs{t)wo-TA(,t)Uwo 

for all t > 0. From another hand, for each t > 0, it is clear that the operators Ri{t) and R2{t) 
defined by 

Ri{t)w:= / TAit- a)ATs{cr)wda 
Jo 

R2{t)w := nTsit)w - TAit)Uw 

are in C{W, Z). Since D{S) is dense in W and Ri{t)w = R2{t)w for all w € D[S) and all t > 0, 
we can extend the equality Ri{t)w = R2{t)w for each t > to hold for every w G W. □ 



Our main result in this section is the following. 
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Theorem 3.2. Assume that A + BK generates a bounded polynomially stable Co-semigroup 
TA+BKif)- If the regulator equations hl-3\) . namely 

{ Ali + BT + P = US in D{S) 
\ Cn = Q in W 

have a solution, then the control law u{t) = Kz{t) + (F — KYl)w{t) solves SFRP. 

Proof. Since A + BK generates the bounded polynomially stable Co-semigroup TA+sKit)-, we 
only need to verify the second condition of SFRP. Let L = T — KH E C{W, U). Then 

US = {A + BK)Jl + BL + P inD{S). (3.2) 

Hence, by Lemma l3. 11 we have 

/ TA+BK{t - a){BL + P)Ts{a)woda = UTs{t)wo - TA+BK{t)nwo (3.3) 
Jo 

for every wq £ W and every t > 0. Now consider the feedback law 

u{t) = Kz{t) + Lw{t) 

and let zq £ Z and wq G W he arbitrary. Due to ^ Theorem 3.6], the explicit expression for 
the tracking error e{t) is as follows 

e{t) = CTA+BKit){zo - Uwo) + {CU - Q)Tsit)wo. (3.4) 

By the second equation of (jl.Sp . we have CLE = Q in W, then 

e{t) = CTA+BK{t){zQ - Hwq), t > 0. (3.5) 

Since TA+BKit) is polynomially stable and bounded then TA+BK{t) is strongly stable. Hence, 
by the boundedness of the operator C, we obtain that the tracking error e{t) converges to as 
t — > oo for all zo £ Z, wq £ W. □ 

As an immediate consequence of the formula (j3.5p . we can give the rate of decay of ||e(t)||y 
for more regular initial conditions. 

Corollary 3.3. Assume that zq £ -D(A) and wq £ D(S). Then there is a positive constant m 
depending only on \\C\\c{z,y)A\^o\\a o,nd Hu'oHs' such that 

||e(t)||y < mt~-, yt>0. (3.6) 

Proof. From the formula (13. Sp . we have 

l|e(t)||y < \\C\\ciz,Y)\\TA+BK{t){zo - Uwo)\\. (3.7) 
Since TA+Bxit) is polynomially stable and zq — Hwq £ D{A + BK) then, by inequality (|2.7p 

\\TA+BK{t){zo-Uwo)\\ < Nt~^\\zo-Uwo\\A+BK (3.8) 

for all t > 0. Remark that H £ C{D{S),D{A + BK)). In fact, if we put A:= BL + P, then by 
(|3.2p . for every w £ D{S), we have 

\\IIw\\a+bk = \\Ilw\\ + \\{A + BK)Uw\\ 

= \\Iiw\\ + ynS'ii; — AwW 

< ||n||||tt;|| + ||H||||5t(;|| + ||A||||u;|| 

< (||H|| + ||A||)||w;||5 = C'||w;||s. 

Hence, from the inequalities ()3.7p and ()3.8p . we deduce that 

\y < \\C\\^z,Y)^t~^{\\zo\\A + C'WwoWs) (3.9) 



for alH > 0. Thus 

||e(t)||y < mt~'^ 

with 

m = \\C\\c{z,Y)Ni\\zo\\A + C \\wo\\s). 

□ 



4. Necessary conditions for the solvability of SFRP 

In this section, we shah discuss necessity of solvabihty of the regulator equations (jl.3p for 
the solvabihty of the SFRP. To this end, we introduce a concept of conform operators A G 
JC{W, Z). This ahows us to give a complete characterization of the solvability of the Sylvester type 
operator equation (|1.4p . The solvability of the second regulator equation of (|1.3p is subsequently 
obtained by imposing certain auxiliary conditions for the reference signals or the speed of output 
regulation. We emphasize that such conditions are the same imposed by Immonen in [3]. 

Definition 4.1. Let A generate a polynomially stable Co-semigroup T^(t). An operator A G 
CiyV, Z) is said to be conform for the semigroup T^it) if the operator 

l-OO 

Uu) := / TA{t)ATsi-t)wdt, w G D{S), 
Jo 

define a linear bounded operator from D{S) to Z, where D{S) is endowed with the induced 
norm of W. 

In the following lemma, we give a characterization of a conform operator via Sylvester type 
operator equation (jl.4p . 

Lemma 4.2. Let T^it) be a polynomially stable Co-semigroup and let A G C(W,Z). The 
operator A is conform for T^it) if and only if the operator equation US = AH + A has a 
solution U£ C{W,Z). 

Proof. Let U G C{W, Z) such that Ii{D{S)) C D{A) and 

liS = AIl + Ain D{S). 

From Lemma l3.ll we have 

Uw = TA{a)TlTs{-(j)w + [ TA{t)ATs{-t)wdt (4.1) 

JO 

for aW w and o" > 0. Since 'U.{D{S)) C D{A) then, using the polynomial stability of TA{t), 
it is easy to see that the first term in the right hand side of the equality (14. ip converges to as 
(T — )• oo for all w G D{S). Consequently, we have 

/"OO 

Uw= TA{t)ATs{-t)wdt. (4.2) 
Jo 

for all w G D{S). Conversely, suppose that A G C{W, Z) is a conform operator for the semigroup 
TA{t). Then 

/•oo 

Uw := / TA{t)ATs{-t)wdt 
Jo 

define a bounded linear operator from D{S) to Z. By density argument, 11 can be extended to 
a linear bounded operator from W to Z noted also by 11. Let w G D{S) and t > be arbitrary. 
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We have 

TA{t)nw-Uw = f^TA{t + a)ATs{-a)wda - f^TA{(T)ATs{-a)wda 

= ft°° TA{a)ATs{t - a)wda - TA{cr)ATs{-a)wda 

= TA{a)ATs{-a){Ts{t)w - w)da - TA{a)ATs{t - a)wda. 
Hence, for all t G (0, 1), we have 

Wlfilhl = J^^TA{a)ATsi-a){^^^^)da-lj;^TAia)ATs{t-a)wda 

= U{^^^^)-\f;^TA{a)ATs{t-a)wda. 

In the first term on the right hand side, we use the fact that '^s{'t)w-w ^ D{S) for every w G D{S). 
Tgit\w — w 

Since lim = Sw and 11 G C{W,Z), then this first term converges to HSw as 

t — >o+ t 

t — > 0^. From another hand, since the map a — > TA{cr)ATs{t — a)w is continuous on for 
every t G (0, 1) and Ts{t) is an isometric group on W then the second term converges to —Aw. 
Therefore, 

y TAimw - Uw 

nm exists m Z. 

i — ^0+ t 

Consequently, Uw G D(A) and AUw = USw — Aw. □ 

Remark 4.3. if TAit) is exponentially stable, then by Corollary 8 in [5j, the operator equation 
n5 = + A in D{S) has a (unique) solution H G C{W, Z) for every A G C{W, Z) defined by 
the same formula 

poo 

Uw= TAit)ATs{-t)wdt 
Jo 

for all w G W, that is every operator A G C(W, Z) is conform for an exponentially stable 
Co-semigroup. 

In the following proposition, we give a sufficient condition of the conformity of an operator 
with a polynomially stable Cg-semigroup. 

Proposition 4.4. Let A generate a bounded polynomially stable Co-semigroup TA{t) and let 
A G C(W,Z). If there exists e > such that A G £(VF, L>((-A)"+^)), then the operator A is 
conform for the semigroup TA^t). 



Proof. Since Tyi(t) is a bounded polynomially stable Co-semigroup then, by inequality (12. 3p . 
with 7 = 1 + ^ and /3 = 1, we have 

\\TA{t){-Ar^-^\\<N,t-^-^, 

or equivalently 

\\TA{t)z\\<N,t-^-^\\z\\a+e (4.3) 
for all z G Za+e '■= D{{—A)°^~^^) Let a > such that ||Aii;||a+e ^ cl \\w\\ for all w G D{S). Since 
ATs{-t)w G Za+e, then 



\\TAit)ATs{-t)w\\ < Nst-^-^\\ATsi-t)w\ 



a+e 



< aNet'^-^\\Tsi-t)w\ 



aN^t ^ ° ll'U'l 
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Thus, the function t — > TA{t)ATs{—t)w is integrable on [0, oo). Consequently, 

/•oo 

nw= TA{t)ATs{-t)wdt 
Jo 

define a bounded hnear operator from W to Z, and the operator A is conform for the semigroup 
TA{t). □ 

One way to obtain the necessity of solvabihty of the regulator equations (|1.3p for the solvability 
of the SFRP is to restrict the class of reference signals as follows (see [4J). 

Definition 4.5. [4J The exogenous system generates admissible reference signals if for every 
wGW and each Q £ C{W,Y) we have: QTsi-)w £ C^(R,Y) only if Qw = 0. 

This is the case if, for example, the operator S in (|1.2p generates a periodic Co-group Ts{t) 
on W. More generally, one has the following result. 

Proposition 4.6. [1] The exogenous system il.2\) generates admissible reference signals provided 
that at least one of the four conditions below holds: 

1. The reference signals QTs{-)w are in AP(M,Y) for all Q G C{W,Y) and all w £ W . 

2. The spectrum cr{S) is countable and H does not contain a closed subspace which is 
isomorphic to cq (the space of sequences converging to with sup-norm). 

3. The spectrum cr(S) is discrete. 

4. The space W is of finite-dimensional. 

The following theorem presents some conditions under which the solvability of the regulator 
equations (jl.Sp is necessary for the solvability of the SFRP. 

Theorem 4.7. Assume that the exosystem generates admissible reference signals. If the 

SFRP is solvable for some control law u{t) = Kz{t) + Lw{t) such that the operator BL + P E 
£(W, Z) is conform for the semigroup TA+Bxit), then there exits H G C{W, Z) and T G C{W, U) 
such that Yl[D[S)) C D{A), L = T — KH and the regulator equations ^.3\) are satisfied. 

Proof. Since BL + P is conform for TA+Bxit), by Lemma (14. 4p . there exists 11 G C(W, Z) such 
that U{D{S)) C D{A + BK) and 

nS = {A + BK)n + BL + P mD{S). 

Let r = L + KH £ C{W, U). Then LI and L solve the first regulator equation of (II. 3p . Next, we 
show that also the second regulator equation is satisfied. By Lemma l3.lt we have 

/ TA+BK{t - (J){BL + P)Ts{a)wda = nTs{t)w - TA+BK{t)Ilw 
Jo 

for all w G W. Let wq G W he arbitrary and take zq = Hwq £ Z. Then the corresponding 
tracking error e(t), see ()3.4p . is given by 

e{t) = CTA+BK{t){zo-nwo) + {CU-Q)Ts{t)wo 
= {CU - Q)Ts{t)wo. 

Now (Cn - Q)Tsi-)wo G C^{R,Y) because the SFRP is solvable. Since the exosystem ([13]) 
generates admissible reference signals and since CLI — Q £ C{W,Y), we must have 

CUwq — Qwq = 0. 

□ 

By combining the above result with those in Section [3l we obtain the following complete 
characterization for the solvability of the regulator equations (II. 3p and the SFRP. 
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Theorem 4.8. Let Tj\^{t) be a bounded polynomially stable CQ-semigroup and assume that the 
exosystem 1^1. 2\) generates admissible reference signals. Then the SFRP is solvable using the 
control law u{t) = Kz{t) + Lw{t), where L G C{W, U) and BL + P is conform for TA+Bxii), if 
and only if there exist U G C{W, Z) and T G i:{W, U) such that Il{D{S)) C D{A), L = T-Kn 
and the regulator equations il.3\) are satisfied. 

Finally, if A + BK generates a bounded polynomially stable Co-semigroup and if we can solve 
the SFRP in such way that output regulation is polynomially fast, then we can dispense with 
the assumption that the exogenous system (jl.2p only generates admissible reference signals. We 
arrive at another complete characterization for the solvability of SFRP. 

Theorem 4.9. Assume that A + BK generates a bounded polynomially stable Co-semigroup 
TA+BK{t), then there exists L G CiW^U) such that BL + P is conform for the semigroup 
TA+BK{t) cLnd such that the control law u{t) = Kz{t) + Lw{t) solves the SFRP with 

\\e{t)\\ <Mt-P[\\zo\\A + \\wo\\s] (4.4) 

for all t > and some l3,M > 0, not depending on the initial conditions zq G D{A) and 
Wo G D{S), if and only if L = F — i^TII where 11 G C{W, Z) and F G C{W, U) satisfy the regulator 
equations IIL3\) . 

Proof. From the above section, we need only to show the only if condition. Since BL + P is 
conform for the semigroup TA+SKit) then there exists 11 G C{W, Z) such that 

US = {A + BK)U + BL + P inD{S). 

Moreover, by (j3.4p . the explicit tracking error is given by 

e{t) = CTA+BK{t){zo - liwo) + (Cn - Q)Ts{t)wo 

for every wq ^ W and zo G Z. Assume that there exists wq G D(S),wo / such that 
6 := \\{CU - Q)wo\\ > 0. Let to > be such that 

Mf^^ [\\'n\\c{D(_s),D{A+BK))\\wo\\s + \\wo\\s] < ^ (4.5) 
and set wq = Ts{—to)wo G D{S) and zq = Uwo G D{A). Then the corresponding tracking error 

||e(to)|| = \\{CU-Q)Tsito)wo\\ 
= ||(Cn-Q)u;o|| =<5 

> Mtg^ [\\^\\c(DiS),D(A+BK))\\wo\\s + \\wo\\s]- 

Further, 

IkolU = llnu'olU < \\^\\c{D{S),D{A))\\Ts{-to)wo)\\s = l|n||£(D(5),_D(A))ll^^o||5- 

Therefore, 

^*o^[lkolU + \\wo\\s] < Mto^[\\U\\^o{s),D{A))\\wo\\s + \\wo\\s] < \\e{to)\\ 

which is clearly a contradiction with the inequality (j4.4p . Hence (CII — Q)wo = for every 
Wo G D{S). Since D{S) is dense in W and CII - Q € C{W, Y), we conclude that 

cn - Q = inW. 

□ 

Remark 4.10. In reviewing the previous proof, we note that the only if of the theorem remains 
true if we replace the inequality (j4.4p by the following 

||e(t)|| <Mt-^[||zo|| + ||«;o||] (4.6) 
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for all t > 0, some /?, M > which do not depend on the initial conditions Zq G Z and Wq £ W. 



5. Application: Periodic tracking for polynomially stabilizable SISO systems 

In this section, we shall solve the SFRP and the regulator equations (11. 3p in the case that 
the reference and disturbance signals are periodic functions. Under some assumptions, in order 
to solve SFRP, it is sufficient to verify that the operator BL + P is conform for the semigroup 
TA+BK{t) for some operator L £ C{W,Z). Hence, the theorem (|4.8p allows to solve SFRP. 
We consider the system (jl.ip with U = Y = C Assume that Z is a Hilbert space with an inner 
product (•, •). Define the operator A : D{A) C Z — )■ Z by 

Az = '^IIn {z, Ipn) 4'n 

nez 

D{A) = {zeZ \ {z,iJn) P < OO} 

nGZ 

where {4>n)nGZ is a Riesz basis of Z and ('0n)nez is the corresponding biorthogonal sequence. 
We assume that the set {fJ-n}nez is contained in C~ and that it has no accumulation points on 
iW. Assume further that the eigenvalues of the operator A satisfies the following property: 
there exist constants a, c > and d > such that 

Re fin ^ — 1 i— ii\Imfin\^ d. (5.1) 

\Im 

It is clear that A generates a bounded Co-semigroup, and since A is similar to a normal operator 
then, due to [H Proposition 4.1], the above assumptions also imply it generates polynomially 
stable Co-semigroup and 

\\TA{t)A-^\\ < Nt-^l'' 

for all t > 0, or equivalently 

\\TA{t){-A)-^ < J 

for all t>0. 

Now we introduce an interesting functions space whose elements can be generated by the 
exosystem (2.2) if its parameters are suitably chosen. Let p > 0, let ujf^ = for /c G Z, let 

{fk)kez C M such that fk > A; G Z and {fk^)k£Z £ (the space of square summable complex 
sequences). We define the state space of the exosystem as follows 

W = {y:R^C\ y{t) = ^ ykc'^"', ^ ly^p/l < oo , {yk)k^i C C}. 

kez kez 

Put 9kit) = e*'^*^* for all t € M and /c G Z. It is clear that the set {^fcjfcez form an orthonormal 
basis in W with the L^-inner product which is denoted by {•,•) l'^- But it shall be interesting to 
use the inner product in W defined by 

{u, y)f = ukVkfk 

kez 

where Uk = {u, Ok) ^2 and yk = {y, Ok) l'^ for all A; G Z. It is easy to see that is a Hilbert space 
with the inner product {■■,■) f and the corresponding norm is 

lly||/ = ./^^^^m^. 

V kez 
10 



Thus the set {6k}kez, with this inner product, form an orthogonal basis in W, with \\0k\\f = fk 
for all k £ Ij. Define the operator 

S = Y,i^k<;ek>L2ek, D{S) = {yeW\ (y, ^fc)^^ | VI < oo}. 

kez fcez 

Notice that the operator S generates an isometric Cg-group on W given by 

Ts{t) = ^e''''^'{;ek)9k. 

kez 

We fix P G C{W, Z) and Q = 5o (Dirac mass at 0). Then the exosystem ([O]) with W, S,Q,P £ 
£.(W,Z) and wq €z W can generate all reference signals in W and only those. Moreover, every 
reference function yr £ W is generated by the choice wq = yr £ W . In fact 

6oTs{t)h = h{x + t)\^=o = Kt) 

for every h £ W and t G M, see \4t\ for more details. Notice that Q = Sq G C{W, Z) because if 
y = Ylk& {y^^k)L2 Ok, we have 

\Soy\ = \ ^{y,0k)L-2 1 

fcez 
= c||y||/. 

Our goal is to construct a control law u{t) = Kz{t) + Lw{t) for the asymptotic tracking of 
periodic reference signals in the presence of the disturbance V(ci{t). Since A generates a bounded 
polynomially stable Co-semigroup, we can choose K = 0. To this end we need some assumptions 
Assumption 1: H{iiOk) ■= CR{iuik, A)B ^ for all G Z. 

Assumption 2: {H{iu:k)-^[l - Hd{k)]f^%ez e ^^ where Hd{k) := CR{iuk, A)P9k. 
With these assumptions, it is clear that the operator 

Ly ■.= Y,H{iujkr'[l - Ha{k)] {y, 9^) ^2 (5.2) 

fcez 

is bounded from W to C. 

The main result of this section is the following. 

Theorem 5.1. Assume that Assumption 1 and Assumption 2 are satisfied. Suppose further 
that BL + P is a conform operator for the semigroup TA{t). Then the SFRP is solvable using 
u{t) = Lw{t). Moreover, for every y^ £W the corresponding control law Uy^ which achieves the 
asymptotic tracking of yr in the presence of the disturbance Ud{t) is given, for all t >0, by 

fcez 

Proof. Since BL + P is conform for the semigroup TA+BK{t) then there exists 11 G C(W, Z) such 
that 

US ={A + BK)U + BL + P. 

Furthermore, 

poo 

ny= / TA+BK{t){BL + P)Ts{-t)ydt 
Jo 

for all y G D{S). In particular we have, 

roo poo 

mk= / TA{t){BL + P)Ts{-t)ekdt = / e-'^'^'TA{t){BL + P)9kdt 
Jo Jo 
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for all G Z. Hence, 

U9k = R{iuJk,A){BL + P)9k (5.3) 

and therefore, 

CUOk = CR{iujk, A){BL + P)ek. (5.4) 
On the other hand, by Assumption 1 and Assumption 2, we have 

H{iujk) = CR{iuJk, A)B and Hdik) = CR{iujk, A)Pek. 

Then, 

CR{iuJk, A){BL + P)ek = H{iojk)L0k + Hd{k) 

= H{ioJk)H{iukr\l - Hd{k)] + Hd{k) 
= 1 = ^oOk. 

Therefore, from (15. 4|) . we deduce that 

CliOk = SoOk- 

Now, consider y = Ylkei ^2/' S W . Since 11 E CiW, Z) then 

cny = {y, Ok) cWk = (y. <^k) = y{0) = 6oy. 

fcez fcgz 

Consequently, the second regulator equation is also satisfied and SFRP is solvable using u(t) = 
Lw{t). More precisely, for yr £ W, the corresponding control law Uy^ which achieves the 
asymptotic tracking of yr is given, for all t > 0, by 

^^s/r(0 = LTs{t)yr 
fcez 

= Y,H{iuJkrH^ - Hd{k)\ {VtMl^ e*""*- 
feez 

Remark 5.2. • Under the assumptions of the above theorem, the operator 11 can be given 
explicitly by 

ny = ^ {y, Ok) R{iuk,A){BL + P)9k. 

fcgZ 

• If there exists e > such that (BL + P) G C{W, Za+e) then the operator BL + P is conform 
for the semigroup TA(t) and therefore we can apply results of the above theorem. 

Next, we present two concrete examples of operators A considered above. 

Example 1 (Periodic tracking of perturbed wave equation). 

Consider the following perturbed one-dimensional wave equation on (0.1) 

"^(^'*) = ^(^'*) + h{x)[hi{x)v{x,t) + h2{x) — {x,t)] 
v(0,t) = v{l,t) = 
dv 

v[x,Q)=vq, — (x,0)=t;i, 
where hQ{x) = \/3(l — x), h\ and /12 are defined in [I3l Theorem 13] by 



hi 
h2 



E where a. = J] (1 + ^^2(7^) 

kj^O l^O,k ^ ' 
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for some < z/ < 1 with ipk{x) 



j_ 



and Afc = ikn for k G Z\{0}. 



sin{kTTx) 
\ksin{k'Kx) 

Define the operator Aq : D{Ao) C L'^{0, 1) — > L'^{0, 1) by 

A =- — 

with domain D{Aq) = [v £ L^{0, l)\v,v' abs. cont. v" G L^{0, l),v{0) = v{l) = O} . The opera- 
tor ^0 has a positive self-adjoint square root ^q''^ and the space Z = L>(^y^) xL2(0, 1) equipped 
with an inner product 



1/2 1/2 

{V,w)z = {Aq' Vi,Aq' Wi)l2 + {v2,W2)l2 



is a Hilbert space. Next we introduce 

A-- 



dv 
dt 





-^0 



A 



■ 

bohi boh2 



D{A) = D{Ao) X DiAl^^] 



Notice that A G iC{Z). Introduce also the control operator = = ^, where 6i(a 
x{l — x) and the observation operator C = Ylk^o i'^ 'f'k) {b,(l)k) G C{Z,i 
perturbed wave equation can be written as 



Thus the above 



m 

y{t) 



{A + ^)z{t) + Bu(t), 
Cz{t), t > 0. 



(5.5) 



The eigenvalues of A are Afc and the corresponding eigenvectors are ^l^k form an orthonormal 
basis in Z. Due to Paunonen [TH], the perturbed operator A := ^ + A is a Riesz-spectral 
operator and that a (A) = + ifevrjfc^o- Further, the eigenvectors (pk of A form a Riesz basis 
of Z. Since A is similar to a normal operator then, due to Theorem 4.1], A generates a 
polynomially stable Co-semigroup T^{t) and we have 



~ 1 N 
T^{t)A-'\\< — 



(5.6) 



for all t > and some > 0. Since T^{t) is bounded then the estimate (15.61) is equivalent to 



\TAm-A) 



-2r\ 



< 



N 



(5.7) 



for all r > 0, t > 0. Since cr^A) C and it has no finite accumulation points on iR, the 
operator —A is an invertible sectorial operator. Using the fractional domains of the operator 
—A, we have, for /3 > 0, 



Z, 



D{{-Af) = {z G Z| V < z, 0fc > |2 < oo}. 



The space {Zp, \\ ■ ||^) is a Hilbert space with norm defined by 



\4l 



k+Q 



2/3 1 



< Z,(f)k> 



where = -^f + ikir for k 0. 

In order to apply the above results, we shall consider asymptotic tracking of the p-periodic 
reference signals in the above space W. Consider the exogenous system (II. 2j) with W,S,Q = 
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6q,P = and wq £ W. To verify the Assumption 1, we have 

for all /c G Z. Hence the transfer function evaluated at the frequencies icok is 

H{iLOk) = CR{iLOk,A)B = Y^-^-^^^^^^. (5.9) 

For a suitable choice of 6 G Z, we can verify that H^icok) 7^ for all k £ 1^. On the other hand, 
put 

Ly:=Y,H{iL0krUy,ek)L2, (5.10) 
fcez 

for y G such that L £ C{W, C). We saw that the operator L is bounded if and only if the 
condition 

^\H{iujk\-Vk\-^ < 00. (5.11) 

holds. Now, we show that BL is a conform operator. To this end we verify that b £ Z2+S = 
£)((— Ji)^+'^) for some e > 0. We have 

(6, V'A;)^ = (fti, sin A;7r-)^2 = / bi{x) sinkirx dx 

Jo 

for all /c G Z. An easy computation shows that 

2(1 -(-1)') 



<b,i;k> 



z- 



Since | fj-k \= 0{k'^) as k — > 00 then 
Hence the series 

< > |2 < 00 

for < e < i. Thus if we choose < e < |, the operator i?L is bounded from W to 

and due to the Proposition (|4.4p . we conclude that BL is a conform operator for the semigroup 

T^{t) and the first regulator equation of ()1.3p has a bounded solution given by 



Hy := / T^{t)BLTs{-t)ydt 
Jo 
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for all y G D{S). Thus, we can use Theorem 15.11 to conclude that SFRP is solvable using 
u{t) = Lw{t). More precisely, for G the corresponding control law Uy^ which achieves the 
asymptotic tracking of yr is given, for all t > 0, by 

Example 2. 

Let Z he a Hilbert space with an inner product < •, • > and an orthonormal basis (V'n)nGZ- 
Consider a linear control system (jl.ip where A = Yln&f^n ('j^n) V'n with = "xqq;^ + ^"^n 
and 

Z?(^) = {z G Z I ^ |/i„|2| {z, iPn) I' < 00}, 

neZ 
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-B^ = V'oC for all ^ G C, C = (•, ipo) and P = 0. As in the beginning of this section, we see that 
A generates a bounded polynomially stable Co-semigroup TA{t) with a = 1. 
we shall consider asymptotic tracking of p-periodic reference signals in the space Ti-y = W with 
fn = Y^l + uj'jj where 7 > |. Notice that the condition 7 > ^ is necessary so that {fn^)nez £ 
but not sufficient for the boundedness of the operator L defined as above. Since A is a Riesz 
spectral operator [12j, we have 



X — fi. 

Hence we have R{X,A)B = j^ipo- Since {ipn)nez is an orthonormal basis then the transfer 
function of the plant satisfies 

H(iujk) = CR(iujk)B = — - — / 0, k £ Z. 

1 + ZtJfc 

Now, we define the operator L as in (jS.lOp and show that L is bounded for a suitable choice of 
7. In fact, by using the Schwartz inequality we have 



II < ^ I [1 + iu^k] {y, 9k) \<jY.\{y, 9k) ^2 P(i + iu^l)^ 




Since \\y\\f = \/J2nei, I 9k) 12 p(l + i^nV then the operator L is bounded if 



^ (l+a;2)7 



< 00. 



This can be verified whenever 7 > |. Now, to apply the Theorem 15.11 we shall verify that 
BL is conform operator for the semigroup T^(t). We have = for all ^ G C Since 
ipo £ Zfj = D{{—A)^) for all r] > 0, clearly B G C(T-lj,C) and consequently BL G 
whenever 7 > |. Due to Proposition (|4.4|) . we conclude that BL is a conform operator for the 
semigroup T^{t) and the results of Theorem ()5.ip can be applied to conclude that, for 7 > | 
the control law u{t) = LTs{t)yr = {yr,9n)i2 [1 + iw^Je*'^"* achieves asymptotic tracking of 

an arbitrary G 71^. 
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